Manipulation and quantification of quantum resources are fundamental problems in quantum physics. In the asymptotic limit, coherence distillation and dilution have been proposed by manipulating infinite identical copies of states. In the non-asymptotic setting, finite data-size effects emerge, and the practically relevant problem of coherence manipulation using finite resources has been left open. This letter establishes the one-shot theory of coherence dilution, which involves converting maximally coherent states into an arbitrary quantum state using maximally incoherent operations, dephasing-covariant incoherent operations, incoherent operations, or strictly incoherent operations. We introduce several coherence monotones with concrete operational interpretations that estimate the one-shot coherence cost -the minimum amount of maximally coherent states needed for faithful coherence dilution. Furthermore, we derive the asymptotic coherence dilution results with maximally incoherent operations, incoherent operations, and strictly incoherent operations as special cases. Our result can be applied in the analyses of quantum information processing tasks that exploit coherence as resources, such as quantum key distribution and random number generation.
Quantum coherence is a fundamental property that can emerge within any quantum system. With respect to some physically preferable reference frame [1] [2] [3] , such as the energy levels of an atom or a selected measurement basis, coherence empowers the ability of many quantum information tasks, including cryptography [4] , metrology [5] , and randomness generation [6, 7] . Furthermore, coherence is a widespread resource playing important roles in biological systems [8, 9] and small-scale thermodynamics [10] [11] [12] [13] [14] .
Various efforts have been devoted to building a resource framework of coherence [15] [16] [17] . In general, a resource theory is defined by a set of free states and a corresponding set of free operations that preserve the free states. States that are not free are said to possess resource, and various measures can be constructed to quantify the amount of resource in a given state. For example, in the resource theory of entanglement [18] [19] [20] , free states and free operations are defined by separable states and local operation and classical communication (LOCC), respectively. Entanglement measures include the relative entropy of entanglement [21] and entanglement of formation [18] .
In the resource theory of coherence [15, 16] , free or incoherent states are those that are diagonal in some a priori fixed computational basis; free or incoherent operations are some specified class of physically realizable operations that act invariantly on the set incoherent states. Different definitions of incoherent operations have been studied due to different motivations. In this work, we focus on the maximally incoherent operation (MIO) proposed byÅberg [15] , the dephasing-covariant incoherent * yxbdwl@gmail.com † echitamb@siu.edu ‡ xma@tsinghua.edu.cn operations (DIO) proposed independently by Chitambar, Gour [22] and Marvian, Spekkens [23] , the incoherent operation (IO) proposed by Baumgratz et al. [16] , and the strictly incoherent operation (SIO) proposed by Winter and Yang [24] . Coherence measures include the relative entropy of coherence [16] , coherence of formation [6, 15] , robustness of coherence [25] , etc. We refer to Ref. [17] for a comprehensive review of recent developments of the coherence resource theory. Investigating state transformations via free operations is of paramount importance in a resource theory. In particular, many efforts have been devoted to understand the interconversion between a given state ρ and copies of a canonical unit resource |Ψ [26] via free operations. Specifically, the dilution problem is to convert unit resource |Ψ to the target state ρ, and the distillation problem is the reverse process. In the asymptotic case where infinite copies of ρ and |Ψ are provided, the dilution rate and the distillable rate describe the maximal proportion of ρ and |Ψ that can be obtained on average, respectively. In entanglement theory, the well-known distillable entanglement [27] and entanglement cost [28] of a state measure its optimal rate of asymptotic distillation and dilution, respectively. The asymptotic distillation and dilution of coherence under IO and SIO have been investigated by Winter and Yang [24] who proved that the distillable coherence is given by the relative entropy of coherence and that the coherence cost is given by the coherence of formation.
The processes of asymptotic distillation and dilution are studied under two crucial assumptions: (i) a source is available that prepares independent and identically distributed (i.i.d.) copies of the same state, (ii) an unbounded number of copies of this states can be generated. These assumptions overlook possible correlations between different state preparations and they become unreasonable when only a finite supply of states are avail-able. In order to relax the two assumptions, it is necessary to consider the most general scenario, i.e., the one-shot scenario, where the conversion is from a general initial state to a general final state. Such a scenario reflects realistic experimental setups where we only manipulate finite and correlated states. In many quantum information tasks, such as quantum key distribution [29] , device independent processing [30, 31] , thermodynamics [10] [11] [12] [13] [14] [32] [33] [34] [35] , quantum channel capacity [36] [37] [38] [39] , and general resource theory [40] , some analysis has already been conducted in the one-shot scenario. In particular, one-shot entanglement distillation and dilution have been investigated under LOCC [41] [42] [43] , as well as non-entangling maps and operations that generate negligible amount of entanglement [44] . In thermodynamics, conversion under thermal operations is known only for qubit states [11] . For coherence, the necessary and sufficient conditions for single-copy state transformations are known only for pure states [24, 45, 46] and single qubit mixed states [22, 47] . Generally, one-shot coherence distillation and dilution of general quantum states have been left as open problems [17, 24] .
In this letter, we consider one-shot coherence dilution under four widely accepted incoherent operations: MIO, DIO, IO, and SIO. We first review the coherence framework byÅberg [15] and Baumgratz et al. [16] . Then, we introduce several coherence monotones for different incoherent operations. In addition, we define the one-shot coherence dilution up to a finite smooth parameter ε and explicitly show that the optimal one-shot coherence cost is characterized by the introduced coherence monotones with the same smooth parameter ε. Moreover, when applying our results to the asymptotic i.i.d. scenario, we obtain the coherence cost under MIO and show that it equals to the relative entropy of coherence. Similarily, we also rederive the asymptotic coherence cost under IO and SIO and show that it equals to the coherence of formation, which is consistent with the results in [24] . Our main results are summarized in Table 1 . We introduce and discuss the results in detail below and provide the proofs in the Appendix.
TABLE I. Coherence dilution in the one-shot and asymptotic scenarios with MIO, DIO, IO, and SIO. The two columns "one-shot" and " asymptotic" denote the coherence measures in the one-shot and asymptotic scenarios, respectively.
Operation
One-shot Asymptotic
where p i is a probability distribution. We denote the set of incoherent states as I. The maximally incoherent operations (MIO) introduced in Ref. [15] are physical or completely positive trace preserving (CPTP) maps Λ such that Λ(δ) ∈ I, ∀δ ∈ I. A CPTP map Λ is called a dephasing-covariant incoherent operation (DIO) if Λ(∆(ρ)) = ∆(Λ(ρ)) for all ρ [22, 23] . Here, ∆(ρ) = i |i i| i| ρ |i is the dephasing channel, and clearly DIO is a subset of MIO. Another subset of MIO are the incoherent operations (IO) [16] which are CPTP maps that admit a Kraus operator representation Λ(ρ) = n K n ρK † n with the {K n } being "incoherent-preserving" operators, that is K n δK † n /p n ∈ I for all n and all δ ∈ I. Here p n = Tr K n ρK † n is the probability of obtaining the nth outcome. In general, when Λ(ρ) = n K n ρK † n is an incoherent operation, the Kraus operator can always be represented as
where f is a function on the index set and c(i) ∈ [0, 1] [24] . Finally, strictly incoherent operations (SIO) are CPTP maps admitting a Kraus operator representation Λ(ρ) = n K n ρK † n such that both {K n } and {K † n } are incoherent-preserving operators [24] . Coherence measures are real-valued functions C(ρ) satisfying the following requirements. 
When a function satisfies (C1) -(C3), we call it a coherence monotone. Although a coherence monotone may not satisfy (C4), it can still play important roles in tasks that process coherence. Note that the strong monotonicity requirement (C3) is defined under the presence of postselection. We thus only require it under IO and SIO but not MIO or DIO.
Coherence monotones-In the following, we first introduce three coherence monotones of quantum states defined on Hilbert space H d . To do so, we make use of the quantum α-Rényi divergence,
. For α = 0, 1, ∞, the Rényi divergence is defined by taking the limit of α → 0, 1, ∞, respectively. Then, quantum-coherence measures can be defined by C α (ρ) = min δ∈S D α (ρ||σ), where S ∈ D(H d ) and D(H d ) denotes the set of density matrices in H d [49] . In the limit of α → 1 and S = I we recover the relative entropy of coherence C r (ρ) ≡ min δ∈I S(ρ||δ). Here, S(ρ||δ) = Tr[ρ log 2 ρ] − Tr[ρ log 2 δ] is the quantum relative entropy and the minimization is over all incoherent state. When α → ∞, we have the max-relative entropy D max (ρ||σ) = lim α→∞ D α (ρ||σ) = log 2 min{λ|ρ ≤ λσ}. Suppose S = I, then we introduce our first coherence monotone by
With the properties of the max-relative entropy D max (ρ||σ) [50] , we can verify that C max (ρ) satisfies (C1)-(C3). In addition, we show that it is quasi-convex, i.e.,
is a coherence monotone under MIO [47] and it is quasi-convex.
We next consider a different set
and let A ρ denote its closure. In particular, ∆(ρ) ∈ A ρ by taking the limit t → ∞. Analogous to Eq. (1), we define C ∆,max = min σ∈Aρ D max (ρ||σ). The quantity C ∆,max was originally introduced in Ref. [47] and shown to have the simplified form
Theorem 2.-C ∆,max is a coherence monotone under DIO [47] and it is quasi-convex.
Alternatively, another way of defining coherence measure is via the convex-roof construction. For instance, the coherence of formation C f (ρ) can be defined by [6, 15] . Here, S(ρ) = −Trρ log 2 ρ is the Von-Neumann entropy, and the minimization is over all possible pure-states decompositions of ρ = j p j |ψ j ψ j |. Now, suppose |ψ j = i a ij |i and denote T j to be the number of nonzero coefficients of state |ψ j on the I basis. We introduce our third coherence monotone C 0 (ρ),
Under this convex-roof construction, we show that C 0 (ρ) is a coherence monotone. Nevertheless, it does not satisfy the convexity requirement (C4). Theorem 3.-C 0 (ρ) is a coherence monotone under IO and it violates the convexity requirement (C4).
One-shot dilution.-With the three coherence monotones, we are now ready to consider the process of coherence dilution which converts maximally coherent states into a target state. The canonical maximally coherent state of dimension M is given by [16] . One-shot coherence cost measures the minimal length M such that |Ψ M that can be converted into a target state ρ via incoherent operations within some error parameter. Based on different definitions of incoherent operations, we define different one-shot coherence costs.
Definition 1.-Let O ∈ {M IO, DIO, IO, SIO} denote some class of incoherent operations. Then for a given state ρ and ε ≥ 0, the one-shot coherence cost under O is defined by
where
2 is the fidelity measure between two states ρ and σ.
Our definition allows a possible finite error ε in the dilution process. Instead of obtaining the exact state ρ, we allow the prepared state to deviate no more than ε from ρ. When ε = 0, it becomes the case of perfect state conversion. Note that since SIO ⊂ IO ⊂ M IO and
However, IO and DIO are incomparable operations and we thus cannot derive a relationship between C ε IO (ρ) and C ε DIO (ρ) directly from the definitions. Nevertheless, the hierarchy C ε DIO (ρ) ≤ C ε IO (ρ) can be established in the asymptotic case according to the following theorems.
To characterize coherence cost with certain error ε, we apply a smoothing to a general coherence measure C(ρ) by maximizing over states that satisfy
We show that the one-shot coherence cost under MIO is bounded by the smooth measure C ε max (ρ), Theorem 4.-For any state ρ and ε ≥ 0
Similarily, the one-shot coherence cost using DIO is bounded by the smooth measure C ε ∆,max (ρ), Theorem 5.-For any state ρ and ε ≥ 0,
Finally, the one-shot coherence cost under IO and SIO is exactly characterized by the smooth measure C ε 0 (ρ), Theorem 6.-For any state ρ and ε ≥ 0
In the appendix, we explicitly show the coherence dilution protocols that saturate the different coherence cost bounds.
Asymptotic case.-Our definition of coherence cost is for an arbitrary state. As a special case, we can consider the asymptotic coherence dilution with an infinitely large number of i.i.d. target states. We define the regularized coherence cost by taking the limit n → ∞:
Here O ∈ {M IO, IO, SIO, DIO}. Following the result of one-shot coherence dilution, we obtain asymptotic coherence cost. Theorem 7 -For any state ρ, the asymptotic coherence cost under MIO is quantified by
Combining this with the work of Winter and Yang [24] , we see that both the asymptotic coherence cost under MIO and the the distillable coherence under IO is given by the relative entropy of coherence C r (ρ). Since MIO is more powerful than IO, it follows that the distillable coherence under MIO is also characterized by C r (ρ). One can also see this by noting that the converse proof for distillable coherence given in Ref. [24] also holds for MIO. Thus, coherence is asymptotically reversible under MIO. This is a slight strengthening of the general result presented in Ref. [51] which implies reversibility by MIO when an asymptotically small amount of coherence can be generated.
We have also found that C
This may be somewhat surprising since C 0 MIO (ρ) ≤ C 0 DIO (ρ), with the inequality being strict in many cases, and yet C r (ρ) = lim ε→0 + lim n→∞
The proof of this fact will be presented in a separate paper as it uses techniques quite different than those used in this paper.
Theorem 8 -For any state ρ, the asymptotic coherence cost under IO and SIO is quantified by
The asymptotic coherence dilution under IO and SIO has been investigated by Winter and Yang [24] . The coherence cost is characterized by the coherence of formation C f (ρ), which is consistent with our result. Discussion.-In this letter, we introduce three coherence monotones and apply them to quantify the oneshot coherence cost under maximally incoherent operations, dephasing-covariant incoherent operations, incoherent operations, and strictly incoherent operations. Our results solve the open problem of one-shot coherence dilution [17] and derive the conventional coherence dilution formula in the asymptotic limit. Our results also indicate that coherence is asymptotically reversible under MIO. According to recent investigations of the resource theory of coherence [17] , our results also shed light on the role of coherence as a resource in quantum information processing tasks like random number generation [6, 7] and cryptography [4] .
In the asymptotic scenario, the distillable coherence and coherence cost are additive, i.e., [24] . In contrast, for the one-shot scenario, the proposed coherence measures can violate the additivity property. For example, considering the coherence measure C ε 0 and states ρ 1 = ρ, ρ 2 = ρ ⊗n−1 for a large integer n, we can check that
. This is because one can always prepare ρ ⊗n by separately preparing ρ and ρ ⊗n−1 . The problem is whether we can use less resource if we only need to prepare ρ ⊗n . Considering the case with ε → 0 + and n → ∞, we can find that lim ε→0
and lim ε→0 + C ε 0 (ρ 1 ) = C 0 (ρ). Moreover, we can see that C f (ρ) ≤ C 0 (ρ), since D α is nondecreasing with respect to α. Numerically, we can also verify that the equal sign generally does not hold. The argument for the other introduced coherence monotones holds similarly.
Another interesting perspective is to quantify the oneshot coherence distillation under different incoherent operations. The essential problem is to find the conversion from a general mixed state to the maximally coherent state. Furthermore, due to the strong similarity, we also expect that our result can shed light on the oneshot coherence conversion under thermal operations in the thermodynamic scenario, which has been partially solved only for qubits recently [11] .
Acknowledgement. Proof. We refer to [47, 50] for the proof that C max (ρ) and C ∆,max (ρ) are coherence monotones. Also, we know from [50] that D max (ρ||σ) is quasi-convex, i.e.
Then for ρ = i p i ρ i , we have
where δ * i is the minimal-distance incoherent state for ρ i . We conclude that C max (ρ) is quasi-convex and the same argument also holds for C ∆,max (ρ).
Appendix B: Proof of Theorem 3
In order to accomplish our proof, we first review a lemma proposed in [24] .
where {K i } is a set of incoherent Kraus operators, then C 0 (|ψ ψ|) ≤ C 0 (|φ φ|).
We will prove that C 0 (ρ), similar to C max (ρ), is also a coherence monotone satisfying C1, C2 and C3, but not convex.
Proof. (C1) Suppose C 0 (ρ) = 0 and the corresponding decomposition of ρ is {p j , |ψ j }. Since T j = 1 for all j, we know that |ψ j = |j ′ , which means that ρ ∈ I. Conversely, suppose ρ = i δ i |i i|, we can choose {δ i , |i } as a decomposition which leads to C 0 (ρ) = 0.
(C2) Let {p j , |ψ j } be the decomposition such that C 0 (ρ) = max j log 2 T j = log 2 M . Let Λ be any incoherent operation with Λ(ρ) = n K n ρK † n , and n K † n K n = I. Then
We choose an ensemble of Λ(ρ) as
From Lemma 1 we know that max i,n log 2 T in ≤ log 2 M . Since we take the minimum over all decompositions, we conclude that
(C3) Let {p j , |ψ j } be the decomposition such that C 0 (ρ) = max j log 2 T j = log 2 M . Let Λ be any incoherent operation with Λ(ρ) = n K n ρK † n . Then
We choose an ensemble of ρ n as
From Lemma 1 we know that max i log 2 T i ≤ log 2 M . Since we take the minimum over all decompositions, we conclude that for any n, C 0 (ρ n ) ≤ C 0 (ρ). Therefore
(C4) We give a counter example to show that C 0 does not satisfy the convex property. We take
, and ρ = p 1 ρ 1 + p 2 ρ 2 . Consequently, we have C 0 (ρ 1 ) = log 2 3 and C 0 (ρ 2 ) = log 2 1 = 0. Moreover, C 0 (ρ) ≥ log 2 2 because for each decomposition {p j , |ψ j } of ρ we have max j T j ≥ 2, since otherwise ρ becomes a mixture of incoherent states, contradicting the fact that ρ has non-diagonal terms. Thus
which is contradict to the convex property.
Appendix C: Proof of Theorem 4
Proof. First we prove the left hand side, let log 2 M = C ε MIO (ρ) and σ = M−1 i=0
For the right hand side, we choose the state ρ
Since Tr(Ψ M δ) = 1 M for all δ ∈ I, the map is incoherent. We can rewrite the map as 
where we use the facts that (i) ∆(ρ ′ ) = ∆(Λ(Ψ m )) ∈ A ρ ′ , and (ii) Λ commutes with ∆.
For the upper bound on C ε DIO (ρ), let ρ ′ be the minimizing state such that C ε ∆,max (ρ) = C ∆,max (ρ ′ ) = log 2 λ, where ρ ′ ≤ λ∆(ρ ′ ). Let M = ⌈λ⌉ and define the map
This map is CP since ρ ′ ≤ M ∆(ρ ′ ), and we can see that it is dephasing-covariant since
Finally note that E(Ψ M ) = ρ ′ by construction, and therefore
Appendix E: Proof of Theorem 6
Proof. First we study IO. For the lower bound on C ε IO (ρ), let log 2 M = C ε IO (ρ), then there exists an operation Λ ∈ IO such that F (ρ, Λ(Ψ M )) ≥ 1 − ε and we let ρ ′ = Λ(Ψ M ). Then we have
For the other direction, assume that ρ ′ is the state reaching minimum such that
Without loss of generality, for a given j, let |ψ j = i a ji |i , we can assume that |a ji | 2 is in nonincreasing order, i.e.
is an increasing sequence due to the nonincreasing order of |a ji | 2 , that is,
Consequently, we have for any k ∈ {1, · · · , T j },
Thus there are probability distributions λ 
which is incoherent and satisfying
Let Λ be the incoherent operation with Kraus operators {K 
From [24] (Theorem 9) we know that C r (ρ) is additive, so C r (ρ ⊗n ) = nC r (ρ). Finally, using Theorem 4 we conclude that
Lemma 3.
Proof. ∀ε > 0 and n ∈ N we have
where the first line follows from Theorem 6, the second line follows by choosing the optimal state ρ ′ in the neighborhood of ρ ⊗n , the third line follows from the fact that D 0 (ρ||σ) ≤ D(ρ||σ), the fourth line follows by Lemma 6 in [38] and the last line follows from Fannes-Audenaert inequality [53] .
Notice that min ME H(A|E) corresponds to the convex roof measure of coherence [54] , min ME H(A|E) = min {pe,|ψe } e p e S(∆(|ψ e )) = C f (ρ ⊗n ), (G3) and that C f (ρ) is additive [24] , taking the limit n → +∞ and ε → 0 + we obtain Eq. (G1). 
